JOURNAL REVIEW

Liquid Diffusion of Nonelectrolytes:

Part |

This review covers the field of liquid diffusion from the time of the

publication of the review article by Johnson and Babb in 1957. In Part I
a concise introduction is given to the phenomenological description of the
diffusion process, followed by a review of the various theories of and
model approaches to diffusion in binary mixtures. These are treated in the
following categories: hydrodynamic theories, Eyring’s theory and the fric-
tion coefficient theories. The predictions are compared with the experimen-
tal results throughout the review. Part I will be followed by Part II in
November reviewing self-diffusion, empirical predictive equations, and ex-
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perimental techniques. A supplement of critical tabulations of all experi-

mental diffusion data since 1956 has been prepared.

SCOPE

Diffusion plays an important role in chemical engineer-
ing as well as in many other disciplines. Knowledge of
diffusion coefficients and also the mechanism of diffusion
is of great and general practical significance. Liquid dif-
fusion is more difficult to handle than diffusion in solids
and gases mainly because of the closeness of mobile mole-
cules in the liquid. The differences in the rate of diffusion
between the various states of matter are also significant.
Typical diffusivity values are 10~!*m?/s for solids, 109

m?/s for liquids, and 10~*m2/s for gases. The intermo-
lecular forces, and the shape and size of the molecules are
all important factors which are very difficult to account
for quantitatively as the literature survey has also indi-
cated. For mutual diffusion, most of the efforts have been
concentrated on the study of concentration dependence
and less on temperature dependence. Studies of the effect
of pressure on mutual diffusivity has received the least
attention. A generally applicable predictive equation for
mutual diffusion has not yet evolved.

CONCLUSIONS AND SIGNIFICANCE

The various theoretical approaches to diffusion in liquid
mixtures have helped to provide increasing insight into
the diffusion process. Disregarding certain relatively minor
differences there are basically four different approaches in
use at the present time: The Stokes-Einstein relation, the
Darken and Hartley-Crank approaches, Eyring’s approach,
and the various friction coefficient approaches. In the last
category there are the hydrodynamic-thermodynamic
theory of Lamm, the statistical mechanical theory of Bear-
man and Kirkwood, and the developments based on ir-
reversible thermodynamics. All of these result in essen-
tially identical relations between the three friction co-
efficients and the three diffusion coefficients in binary
solutions. The mutual diffusion coefficient, which is by far
the most important from the applications point of view,
is related only to the friction coefficient between molecules
of the two dissimilar components. There is no general
method to calculate this friction coefficient from the other

two giving the friction between like molecules. The vis-
cosity of a binary solution is related to all three friction
coefficients, and therefore there is no general method to
calculate the mutual diffusion coefficient from viscosities.
Calculation of the friction coefficients from molecular
theory faces similar difficulties as the calculation of equi-
librium properties. Possibly a better understanding of the
relationships between molecular interactions and thermo-
dynamic properties, on the one hand, and molecular in-
teractions and friction coefficients, on the other, might
eventually result in thermodynamic correlations for the
friction coefficients, using activity coefficients.

It appears that the rest of the approaches to liquid dif-
fusion represent special cases of the more general, fric-
tion coefficient approach. These permit certain correla-
tions of the mutual diffusion coefficient which, however,
rapidly loose their validity for solutions of increasing non-
ideality.

1. INTRODUCTION

The study of liquid diffusion is of great interest to engi-
neers and scientists alike. Diffusion plays a large role in
many chemical processes involving mass transfer. For in-
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stance, distillation, mixing, extraction, condensation, chem-
ical reactions, etc. are influenced to various degrees by
diffusion. Diffusion is also important in many other fields,
for example, in biological systems, in pollution control, and
in the separation of isotopes.
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The necessity of predicting liquid diffusivities, therefore,
often arises. Theoretical approaches have not yet been suc-
cessful in accurately predicting liquid diffusivities. For
dilute gases and for solids, diffusion is more amenable to
mathematical treatment, but rigorous treatment has met
with great difficulties in the case of liquids because in lig-
uids the molecules are both closely spaced and in chaotic
motion. The effects of intermolecular forces cannot be
taken into account accurately as yet. However, theoretical
approaches have served as starting points for some of the
empirical and semi-empirical formulations.

Since the last extensive review of this subject by John-
son and Babb (1956), concerted efforts—theoretical as
well as experimental—have been made. For a long time
these two aspects have not been put together in one place
except for some very simple liquids of monatomic mole-
cules (Ar, for example) diatomic molecules (O, for exam-
ple) and a few polyatomic molecules which were reviewed
by Rice, Boon, and Davis (1968)}. The systems covered in
their article have not been included here.

In this review we have confined ourselves to one- and
two-component systems of nonelectrolytes, water being an
exception.

Several theoretical approaches which have been reduced
for numerical prediction of diffusion data are presented
and discussed, along with some more-or-less empirical
correlations, in the light of agreement between predicted
and experimental data. The basic assumptions and the
final formulae are stated in every case. For further details
the reader is referred to the original papers. All avail-
able experimental data have been collected and compiled
in tabular form.*

New developments in the experimental techniques for
measuring diffusion coefficients are also described in Part
II (to appear in the November AICRE Journal).

There has been some ambiguity in the literature in the
use of some terms pertaining to diffusion. In this paper,
the terminology used by Albright and Mills (1965) is fol-
lowed: The term intradiffusion coefficient is used for a sys-
tem in which the diffusion of a labeled component is fol-
lowed in a chemically homogeneous mixture. The term
tracer diffusion coefficient is also used frequently for this
case in the literature. Self diffusion is the special case of
intradiffusion where the system consists of only one chemi-
cal component. Interdiffusion coefficient is sometimes used
when following the diffusive mixing of two different chem-
icals. The term mutual diffusion coefficient is used more
often in the literature for this case.

2. PHENOMENOLOGICAL DESCRIPTION OF
DIFFUSION PROCESSES

Diffusion measurements in liquid systems have been
usually described by Fick’s law. According to this law the
flux of a component A, or the rate of passage of the com-
ponent, with respect to the cell, along a given axis per unit
cross-sectional area, under isothermal conditions, is given
by

JAC = - DF VCA (21)

where VC, is the concentration gradient of component A
along the given axis, and Dy is known as the Fickian dif-
fusivity. Although this phenomenological law has been

® The Supplement has been deposited as Document No. 02172 with
the National Auxiliary Publications Service (NAPS), c¢/0 Microfiche Pub-
lications, 305 E. 46 St, N.Y., N.Y. 10017 and may be obtained for
$1.50 for microfiche or $2.00 for photocopies.
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found satisfactory for certain experimental conditions, it
does not always describe diffusion in an adequate manner
(Tyrrell, 1970).

1t is more consistent to define a diffusion coefficient Dsp
for a binary mixture of components A and B as (for exam-
ple, Robinson, 1964)

Ja¥ = — Das VCau (2.2)

where the superscript v refers to the volume fixed frame
of reference. The analogous expression for component B is

Jg? = — Dy VCp (2.3)

It may be shown (Tyrrell, 1961, Ch. 3) that Dsp = Dpga,
which means that in a volume fixed frame of reference the
diffusion coeflicient Dsp, usually known as mutual or in-
terdiffusion coefficient, is one and the same value regard-
less of which of the two components is followed. The
equivalence of Dsgp and Dg, can also be shown to be true
for the mass fixed or barycentric and the mole or number
fixed frames of reference (Tyrrell, 1961, Ch. 3). This
equivalence is not true for the Fickian diffusion coefficient
except for systems of composition independent partial
molar volumes (Tyrrell, 1961, Ch. 3).

A relation for Dyp in terms of a flux Ja¢ with respect to
a coordinate fixed frame of reference can be obtained from
Equation (2.2) (Robinson, 1964)

JAC = — DAB VCA -+ CA (JACVA + JBC—‘TB) (2'4)

The terms in parentheses on the right-hand side of
Equation (2.4) represent the net bulk flow v, past a sta-
tionary plane. In the event that pure diffusion takes place
in a constant partial volume system, such volume flow is
absent and Equation (2.4) reduces to Equation (2.1) so
that

Dyp = Dy (2.5)

In case of self- or intra-diffusion studies where there
is no difference in the chemically identifiable components
Equation (2.1) is always correct because, the overall
composition of the solution staying constant, there cannot
be a volume change.

Equation (2.1) is not valid for describing diffusion in
multicomponent systems (Dunlop and Gosting, 1955,
1959). Cross diffusion-coefficient terms may become very
significant. Adequate description of diffusion in these sys-
tems has been made by the use of irreversible thermody-
namics.

Another frame of reference, introduced by Darken
(1948), Hartley and Crank (1949), and subsequently
used by several investigators, (for example, Adamson,
1958; Bennett, 1958; Carman, 1967; Baranowski and
Curowski, 1968; Kett and Anderson, 1969) is generally
known as the convection fixed frame of reference. There
is no diffusion-generated bulk flow across this frame of
reference. The existence of such a bulk flow (the so-called
“Kirkendall effect”) has been experimentally established
in gases (Irani and Adamson, 1938) and in solids (Darken,
1948). There has not been so far any clear demonstration
for the existence of such bulk flow in liquid systems.

With respect to this frame of reference, flux J/™ is given
by

Jim = - Di VC, (i = A, B) (2.6)
where D; is known as the intrinsic diffusion coefficient for
component { in the mixture.

The diffusion generated bulk volume flow v, of the me-
dium w.r.t. the stationary coordinate system is given by
(i=A, B) (2.7)

Y™ =) — v C;
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Usually the flows are described with respect to a volume
fixed frame of reference. If v, is the bulk volume flow
w.r.t. stationary coordinates, then, according to Equation
(24)

JP=J)—Ciwvy (2.8)

where
Vy = 2 Jicvi (2‘9)

Equations (2.7) and (2.8) may now be combined to
give (Kett and Anderson, 1969)

Jm=J¢— (vm—v,)Cy (i=A,B) (2.10)

The only kind of diffusion induced bulk volume flow
indicated by diffusion experiments in liquids is due to vol-
ume change on mixing. Hence, in a usual diffusion experi-
ment vy, = v,, and Ji* = Jiv.

As far as purely phenomenological relations are con-
cerned, Fick’s law and its generalized forms are adequate,
but when attempts are made to relate the diffusion coeffi-
cients to other observable properties it becomes necessary
to investigate the nature of the driving force of diffusion
more thoroughly. It is now well established from irreversi-
ble thermodynamics (Denbigh, 1971) that the driving
force of diffusion is the gradient of chemical potential,
instead of the concentration gradient. As a consequence,
D,p as defined by Equation (2.2) must be corrected. The

corrected diffusivity D45 was shown (for example, Dullien,
1960, p. 72) to be

D% = Dan/B (2.11)
where
d Ina;
= i — 1
B 2 lom (i=A,B) (2.12)

a; in this equation is activity on the mole fraction scale
and x; is the mole fraction. 8 is generally called the ther-
modynamic factor.

There are, however, some authors (for example, Danck-
werts, 1971) who question how the gradient of chemical
potential can exert a force on a molecule, arguing that dif-
tusion is a randomizing process and not a flow of matter
subject to a driving force. It is an incontrovertible fact,
however, that a randomizing tendency may result in a real
and sometimes very powerful force. For example,. ran-
domizing tendency is responsible for the elasticity of elas-
tomers, such as rubber.

3. LIQUID STATE THEORIES AND DIFFUSION

The complications in the structure of liquids are partly
due to the dense packing of the molecules. Unlike in gases
the time-average distance between molecules in liquids is
very small, and the molecules are always in the range of
intermolecular forces. However, the effect of these inter-
molecular forces in liquids cannot be easily taken into
account mathematically because the molecules are not
confined to fixed lattice sites as they are in solids.

The case of dilute gases in which the assumption of
binary collisions is valid has been treated by Chapman
and Enskog (Chapman and Cowling, 1970). For fluids of
liquid densities interactions between more than two mole-
cules have to be considered for an exact description of the
transport properties. These problems and the recent ap-
proaches have been discussed by Mazo (1967) and others
(for example, Rehman, 1964; Bruin, 1969; Raveche and
Mayer, 1970). Kirkwood (1946) obtained a mathemati-
cally tractable solution by time-smoothing procedure. Al-
though theories such as Green’s (1952) which make an
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attempt to solve N-body nonequilibrium problems in a
rigorous manner appear to be of enormous consequences,
they have not yet reached a stage where they can be ap-
plied for direct comparison with the experiment. These
kinds of theories, therefore, will be omitted from our dis-
cussions.

In view of the difficulties in the theories mentioned
above, model approaches such as the cell model, free vol-
ume model, small-step diffusion model, and the rate proc-
ess theory have been resorted to. Model approaches dis-
cussed in Part II may help to visualize diffusion processes
and the structure of liquid.

4. MUTUAL AND INTRADIFFUSION THEORIES AND
THEIR COMPARISON WITH EXPERIMENTAL DATA

Most theories of diffusion proposed so far have had
either hydrodynamic, kinetic, statistical-mechanical, or
thermodynamic foundations, or combinations of these. Al-
though the various theories originated from entirely dif-
ferent concepts, it has been possible (Bearman, 1961;
McLaughlin, 1969) to show striking similarities between
them under certain restricted conditions. These theories
have also been discussed in the light of the experimental
data.

Hydrodynamic Theories

The Stokes-Einstein Equation. The basic Stokes-Einstein
equation was developed by Einstein (1905) using random-
walk motion as a model. According to this motion, the dif-
fusion coefficient is given by

Das = kTq = kT % (4.1)
where ¢ is the mobility or average velocity v of the dif-
fusing particle per unit frictional force F acting on the
particle. ¢ can also be recognized as the reciprocal of cer-
tain friction coefficients appearing in other theories
(Lamm, 1952; Bearman, 1961; Laity, 1959). In spite of
the fact that concerted efforts have been made to relate
mobility or friction coeflicients to molecular properties,
little success has been achieved so far. Calculating mobil-
ities form Stokes’ equation (Lamb, 1945) for the two
limiting cases of the coefficient of sliding friction 8¢ and
substituting them in Equation (4.1), the following equa-
tions are obtained:

kT
Dup = when By = (4.2)
TAMB
and
kT
DAB = when Bf =0 (4.3)
47’7'A7]B

Equation (4.2), generally known as the Stokes-Einstein
equation, and Equation (4.3) have been applied to de-
scribe both self-, intra, and mutual diffusion data with
varying degrees of success. The validity of these equations
will now be discussed in the light of the mutual and intra-
diffusion data. The validity of these equations with regard
to the self-diffusion data is discussed in Part II.

The Stokes-Einstein equation should be applicable to
describe diffusion strictly for spherical or nearly spherical
molecules in solvents of considerably smaller molecules.
The diffusivities of colloid particles in a variety of sol-
vents compare favorably with this equation. It has thus
become general practice to calculate the size of the dif-
fusing particles using the Stokes-Einstein equation. In a
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TasLE 1. STokEs’ Law Rapnit For SoLutes IN DILUTE AQUEOUS
SOLUTIONS FROM MEASUREMENTS OF MUTUAL DIFFUSION
COEFFICIENTS AT DIFFERENT TEMPERATURES ( FROM
LoNeswortH) (TYRRELL, 1961, r. 173)

Stokes’ law radius A r X 1010

Substance T,1°C T,13°C T,25°C T,37°C m
HDO 1.021 — 1.072 — 1.93
Urea 1.672 1.718 1.758 1.802  2.59
Glycine 2.235 2.269 2296  2.332 2.58
Alanine 2.667 2.661 2.664 2.676 2.88
Dextrose 3.670 3643 3601 3.584 333
Cyclo-hepta-

amylose 7716  7.588  7.516 7.467  6.56
Bovine plasma
albumin 37.55 37.30 36.84 —_ 27.0

TABLE 2. EXPERIMENTAL INTRA-DIFFUsiON COEFFICIENT-TO-
StokEs-EINsTEIN RATIOS IN CCly SoLuTIONS ( AGISHEV AND
EMEL’YANOV, 1964)

Concentration (mole fraction)

Substance 1 0,8 0,6 0,4 0,2 0
CeHis 1,73 1,86 1,95 2,00 2,36 2,90
CsHjs 1,95 1,83 1,86 2,02 2,28 2,60
CioHae 2,18 2,05 2,00 2,02 2,16 2,30
Ci2Hze 2,49 2,26 2,18 2,11 2,10 2,20
Ci1sHso 2,85 2,61 2,41 2,20 2,10 2,02

study made by Longsworth (1954) on diffusion in aqueous
solution, (see Table 1), it was shown that for large mole-
cules the radii calculated from the Stokes-Einstein equa-
tion are a little larger than those available from the inde-
pendent estimates. The difference is attributed to the hy-
dration of the solute molecules and to the departure of
these molecules from spherical shapes. The radii calculated
from Equation (4.2) were found to decrease with increase
in temperature, as expected, since the hydration number
is likely to decrease as temperature increases (Tyrrell,
1961, p. 173).

It is now clear from the studies of several investigators
(for example, see Table 2) that the Stokes-Einstein equa-
tion fails to describe intradiffusion of solutes of molecular
dimensions. The range of validity of this equation for
mutual diffusion has been discussed in considerable detail
by Longsworth (1955). See Section 5, Part II for the
failure of this equation in the case of self-diffusion.

Stokes’ equation calculates the frictional force acting on
a large, nonattractive spherical particle when it moves in
a continuum, but the frictional forces acting on a particle
of molecular dimensions cannot be expected to obtain
accurately from this expression. Generally, the predicted
values of diffusivities from Equation (4.2) are lower than
the actual values. Equation (4.3) predicts a little larger
values which are closer to the actual ones. However, some
large deviations from this equation have also been noted
(Tyrrell, 1961, p. 159). It is therefore believed that, in
general, Equations (4.2) and (4.3) both fail to properly
account for the frictional forces acting on solutes of mo-
lecular dimensions.

Several investigators have attempted to modify the
Stokes-Einstein equation for shapes other than spherical.
The reader is referred to Tyrrell's book on diffusion (1961,
Ch. 6) for detailed discussion of this subject.

Other theoretical approaches, discussed later, such as
those due to Hartley and Crank (1949), Eyring and co-
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workers (Glasstone et al., 1941), Dullien (1963), among
others, yield expressions similar to the Stokes-Einstein
equation under certain conditions (see Section 5.6, Part
II).

Darker’s Equation. Employing the concept that the dif-
fusion of each component in a binary mixture is related
to its mobility, Darken (1948) derived for solid metallic
solutions a relation between mutual and intra-diffusion
coefficients, This relation has also been widely used for
liquid systems. According to Darken’s theory, transport
of each component across a fixed plane is different de-
pending on the mobility of the species, resulting in bulk
volume flow of the medium. In order to separate the dif-
fusional flux from the bulk flow, Darken derived an expres-
sion for the velocity vy of the medium with the assump-
tion of constant C

1
Vm =& (D4 VCa + Dg VCp) (4.4)

where D4 and Dg are the so-called “intrinsic” diffusion
coefficients for component A and B, respectively, and C
is the total concentration C = C, + Cp (moles/unit vol-
ume). Darken obtained the following relationship between
mutual and intrinsic diffusion coefficients

Dyp = x8 Da + x4 Dpg (4.5)

According to Darken the intrinsic diffusion coefficients
can be equated to the intra-diffusion coefficient D;. multi-
plied by the thermodynamic factor 8 = dln a;/dIn x;, giv-
ing

Dap = (xg Das + x4 Dg.)B (4.8)
Even though there are some legitimate questions regard-
ing the applicability of the Darken approach in the case
of liquids, Equation (4.6) has often been used.

Since precise values of intra-diffusion coefficients have
been obtained experimentally, several investigators have
tested the adequacy of the Darken equation. The ideal or
nearly ideal systems on which the Darken equation has
been tested are, for example, benzene + bromobenzene
(Miller and Carman, 1959), n-hexane -+ n-dodecane
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Fig. 1. Inter diffusion coefficients for benzene (B) + bromobenzene

(A) system. Curve calculated from Darken’s equation; O expt. values
(Miller and Carman, 1959).
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Fig. 2. Diffusion in the benzene (A) -carbon tetrachloride (B) system

ot 25°: — - —, mutual diffusion (Anderson et al., 1958); — —,

Darken’s equation; ——; inter diffusion of benzene (Johnson and

Babb, 1956); O, intradiffusion of carbon tetrachloride (Hardt, et al.,
1959).

TABLE 3. COMPARISON OF EXPERIMENTAL Dsp VALUES WITH
PREDICTIONS OF THE DARKEN EQUATION (4.6) AND EQUATION
(4.8) FOR THE SyYsTEM BENZENE-DIPHENYL AT 25°C
(MiLis, 1963)

Dsp X 10° (m2s—1)

Cyq X 108 Equation  Equation

mol m—3 Expt. 4.8) 4.8) Dg*/D4*
0.5 1.450 1421 1.439 145
1.0 1.342 1.301 1.331 145
1.5 1.242 1.200 1.241 145
2.0 1.147 1.103 1.148 1.46
2.5 1.062 1.021 1.066 146
3.0 0.977 0.940 0.984 146

(Shieh and Lyons, 1969), benzene + CCly (Hardt et al,,
1959), octane + decane (Van Geet and Adamson, 1964),
heptane + cetane (Miller and Carman, 1962) and ben-
zene -+ diphenyl (Mills, 1963). The experimental data
for the system benzene 4 bromobenzene (see Figure 1)
is approximately in accord with Darken’s equation. For
some other nearly ideal systems such as n-hexane + n-
dodecane, octane + decane the maximum deviation was
found to be, respectively, 2.3% at 25° (and 11.7% at
35°) and 0.63% at 25° (and 0.72% at 60°). For the
system heptane 4 cetane the intradiffusion values corre-
sponding only to equimolar composition were measured by
Miller and Carman (1962). The D4p value of 0.90 = 0.08
X 105 cm?/sec calculated from the Darken equation was
in accord with the experimental value of 0.90 + 0.03 X
10~3 obtained by Trevoy and Drickamer (1949) but dif-
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fered from their own value of 0.98 = 0.03 X 10-3, Miller
and Carman attributed this difference to experimental
error. The mutual diffusion data for the system benzene +
diphenyl, as shown in Table 3, is also in reasonable agree-
ment with the Darken equation (average error 3.2%),
but the agreement is poorer (average error 6%) for the

oS5 .

| 1 ] 1

0 02 04 06 08 10
Xa

Fig. 3. Inter diffusion coefficients for benzene (B) - nitromethane

(A) system. Curve calculated from Darken’s equation; ® expt. values
(Miller and Carman, 1959).

20

0 02 04 06 08 0

Fig. 4. Inter diffusion coefficients for CCly (B) + nitromethane (A)
system. Curve calculated from Darken’s equation; e expt. values
(Carman and Miller, 1959).
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MOLE FRACTION ACETONE
Fig. 5. Diffusion in the acetone-carbon tetrachloride system at 25°:
— + —, mutual diffusion (Anderson et al., 1958); — —, Darken’s

equation; A, intradiffusion of acetone; O, self-diffusion of carbon
) tetrachloride (Hardt et al., 1959).

H Il |

system benzene 4 CCly (see Figure 2).

For the systems which depart widely from thermody-
namic ideality the Darken equation breaks down, some-
times by a factor of eight. Comparisons of the Darken
equation with experimental values are shown in Figures
3 to 7 for the systems nitromethane + benzene (Miller
and Carman, 1959), nitromethane + CCly (Carman and
Miller, 1959), acetone + CCly, acetone + CHCl;, and eth-
anol + CCly (Hardt et al., 1959), and in Table 4 for the
system benzene + cyclohexane (Kamal and McLaughlin,
1966).

For nonideal systems in which association or complex
formation is known to occur, the Darken equation has
been modified (Carman, 1967). The modified form of this
equation, however, does not apply to other nonideal sys-
tems in which such effects are absent.

Hartley and Crank’s Equation. The Hartley-Crank
(1949) treatment of liquid diffusion is similar to Darken’s
treatment except that the former postulated that the ve-
locity of the medium in a constant volume system, w.r.t.
fixed coordinates is

Vm = DA VA VCA -+ DB—VB VCB (4.7)

Evidently, Equation (4.7) simplifies to Equation (4.4) if
Va = Vg = V. The existence of v, has not so far been
demonstrated in liquids although some attempts have been
made to that effect (Irani and Adamson, 1958; Freise,
1958). It is therefore best regarded as a fictitious quantity.

Applying similar arguments, as was done in Darken’s
treatment, the following relation has been obtained in
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place of Equation (4.6):
Dsp = (¢B Da« + ¢a Dg.)B (4.8)

where ¢ is volume fraction. In the development of Equa-
tion (4.8), an assumption of constant partial molal vol-
umes was made. This equation, however, can be devel-
oped also without making such an assumption (Ghai,
1978). As shown in Table 3, Equation (4.8) was found
to be superior to the Darken equation and remarkably ac-
curate by present day standards (averge error 0.5%) for
the system benzene + diphenyl (Mills, 1963). The same

TaBLE 4. CoMPARISON OF CALCULATED AND EXPERIMENTAL
MutuaL DirrusioN COEFFICIENTS FOR THE SYSTEM BENZENE
(A) + CycLoHEXANE (B) AT 25°C (KAMAL AND
McLAvuGHLIN, 1966)

Dap X 102
Dag X 10° (m2s—1)
(m2s—1) Darken’s
x4 Expt. Equation 4.6
0 1.880 1.88
0.1 1.859 1.75
0.2 1.833 1.66
0.3 1.809 1.60
04 1.796 1.58
0.5 1.797 1.60
0.6 1.815 1.63
0.7 1.847 1.68
0.8 1.903 1.75
0.9 1.991 1.87
1.0 2.101 2.07

1 1 1 1 ) - L i
02 04 06 o8 -0
MOLE FRACTION ACETONE

20 L

Fig. 6. Diffusion in the acetone-chloroform system at 25°: — « —

mutual diffusion (Anderson et al., 1958); — —, Darken’s equation;
A\, intradiffusion of acetone; O, intradiffusion of chloroform (Hardt
et al., 1959).
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MOLE FRACTION ETHANOL

Fig. 7. Diffusion in the ethanol-carbon tetrachloride system at 25°;

— - —, mutual diffusion; — —, Darken’s equation; A, intradiffu-
sion of carbon tetrachloride; O, intradiffusion of ethanol (Hardt
et al., 1959).

was found to be true for the system n-octane + n-dodecane
{Van Geet and Adamson, 1964).

Another form of the Hartley-Crank equation is obtained
(Carman and Stein, 1956) if the following assumption is
made:

kT dln a;
Di=—— i = A, B 49
! om dnC; ! (4.9)
where o; is usually called friction factor. Noting that
din as vV din QA v
— T — —— T 4.10
dln CA VB dln XA VB B ( )
the result is
kT X x,
DAB:———{-i+—B—},3 (4.11)
n ap oA
Assuming that
kT
Dy = — (4.12)

om
where o; is composition-independent, Carman and Stein
(1956) showed that Equation (4.11) leads to the Darken
equation (4.6).

If Dsg? and Dap® are the limiting mutual diffusion co-
efficients for x4 — 0 and x4 — 1, respectively, then ac-
cording to all known theories of diffusion (with the as-
sumption that the effect of mass difference due to labeling
is negligible)

DABO = DA.\O (4.13)
and

DABw = DB*O (414)

where D% and Dp.° are the limiting tracer diffusion co-
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efficients for x4 — 0 and x4 — 1, respectively. The equal-
ity of the limiting values has been tested also experi-
mentally with the help of accurate diffusion data (for ex-
ample, Harris et al., 1970; Aoyagi and Albright, 1972).

It follows from Equation (4.12) (Carman and Stein,
1956).

Dgun = Dap® 13 = Dy° na (4.15)

and

(4.16)

where D,° and D3 are self-diffusion coefficients of pure
A and pure B, respectively.

With the help of Darken’s equation (4.6) and Equa-
tions (4.15) and (4.16), a relationship for Dsp in terms
of limiting values was obtained by Carman and Stein

Dg.n = Dap® 14 = Dg® 4p

1
Dup = — (xa 75 Dag® + x4 94 Dup=)B  (4.17)
7

One should bear in mind that in addition to the assump-
tion of constant o; values, all those restrictions which apply
to Darken’s equations also apply to Equation (4.17).

Several investigators have tested their experimental data
with the Hartley-Crank equation (4.11). The values of
the friction factors o4 and op appearing in this equation
were almost always calculated from the infinitely dilute
component data, and the assumption was made that the
influence of concentration on these factors was not sig-
nificant. The mutual diffusivities were calculated using this
equation for nonideal systems such as methyl-ethyl-ketone
-+ carbon tetrachloride (Anderson and Babb, 1962) and
diethyl ether + chloroform (Anderson and Babb, 1961),
(see Figures 8 and 9). The calculated and the experimen-
tal values differ significantly. Since in this type of systems
one of the components is known to be of associating or
complex-forming type, it was assumed that the kinetic
unit for diffusion is not a monomer. Anderson and Babb
(1961, 1962), therefore, modified the Hartley-Crank equa-

a0}

Dpg * 10°, m%/s

| ) I R 1 s 1 A
o 02 04 06 08 -0
MOLE FRACTION KETONE

Fig. 8. Diffusion coefficients for the system methyl ethyl ketone-car-
bon tetrachloride: O, experimental; ——, calculated from Equation
(4.11) (Anderson and Babb, 1962).
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Fig. 9. Mutual diffusion data for the diethyl ether-chloroform system:
O, experimental, 25°; ——, calculoted from Equotion (4.11) {Anderson
and Babb, 1961).
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Fig. 10. Variation of Damnlor Danidn) with composition for nearly
ideal binary mixtures (Tyrrell, 1961). Curve 1: CgHsCl (A)
CgHsBr (B); Curve 1l: CsHsCHs (A) + CgHsCl (B); Curve lI:
CgHg (A) + CCly (B); Curve 1V: CCls (A) 4+ Cyclohexane (B).

tion and were successful in rationalizing the deviation from
the experimental diffusion values for some systems (see
the dotted lines in Figures 8 and 9). For the system
sucrose-water (Carman, 1967) a series of complexes of
AB,, type (where n can vary from 1 to 6) had to be as-
sumed.

The Hartley-Crank equation has also been tested by
plotting the group Dagn/B against molar composition. If
o4 and op remain constant with composition, then accord-
ing to Equation (4.11) the group Dapy/8 should be a
linear function of the mole fraction for isothermal diffu-
sion. Bearman (1961) showed that the Bearman-Kirkwood
theory and Eyrings’ theory also lead to the same linear
function for regular solutions. Since the thermodynamic
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factor @ is unity for ideal solutions, the product Dapn has
been plotted against molar composition for several ideal or
nearly ideal systems such as chlorobenzene + bromoben-
zene, toluene + chlorobenzene, benzene-carbon tetrachlo-
ride (Caldwell and Babb, 1956), and carbon tetrachloride
+ cyclohexane (Hammond and Stokes, 1956). Except for
the last system the product varies linearly with the mole
fraction, Figure 10. For the other nearly ideal systems hex-

D
[e]

o

S

Dag7 and Dpgn/( d b azd b X) x10% N

1 L L |
o 02 04 06 08 -0

o
o

MOLE FRACTION HEXADECANE

Fig. 11. Dapn and Dpan/B as a function of

mole fraction for the system heptane-hexade-

cane; ——, linear or ideal behavior; O, Dagn;
o, Dagn/B8 (Bidlack and Anderson. 1964a).

20
-4
N .
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»
%
S
v 15}
-]
&
>
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09
B o}
3
2
Q
] | { |
0 02 04 06 08 10

MOLE FRACTION DODECANE

Fig. 12. Dagn ond Dapn/B as a function of mole fraction for the
system hexane-dodecane: , lineor or ideal behavior; O, Dagpn;
e, Dapn/pB (Bidlack and Anderson, 1964a).
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ane + dodecane, heptane + hexadecane, and hexane +
hexadecane, linear or nearly linear plots were obtained
(Figures 11 to 13). The deviation from the straight line

30

n
o

S

Dag% ond Dagn/(dhasd hX) x 102N

L L I |
o 02 04 [¢X3 o8 10

MOLE FRACTION HEXADECANE

Fig. 13. Dagm and Dagn/B as a function of
mole fraction for the system hexane-hexade-

cane; — — —, ideal or linear behavior; O,
Dean; o, Dapn/B (Bidlack and Anderson,
1964a).
7-0

Dag? X102 N ;7x103, kg m' s

me/s s

DAB' 10

0 05 Xo)
MOLE FRACTION ACETONE

Fig. 14. Mutual diffusion, viscosity, and uncorrected and activity
corrected Dapn products for acetone-water system at 25.15° (Ander-
son et al., 1958).
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is, however, pronounced for increasingly nonideal systems.
The plots of Dagn/B for the nonideal systems acetone +
water, acetone + CCly, acetone + benzene, and acetone
+ chloroform (Anderson et al,, 1958) are displayed in
Figures 14 to 17.

The introduction of the thermodynamic factor generally
overcorrects the diffusion data regardless of the nature of
the system. The departure from linearity was attributed
to the formation of the molecular aggregates which are
customarily believed to be the kinetic units. While the ex-
istence of such aggegates in some solutions has been firmly
established from the study of a variety of equilibrium
properties, there is very little known about the kinetic
properties of the complexes.

Critical experimental study of the diffusion of acetic
acid and its homomorphs in dilute CCly solutions (Dullien
and Shroff, 1972) has indicated, however, that the kinetic
units of diffusion are not likely to be the acetic acid
dimers. These findings cast some doubts on the general
validity of assuming molecular aggregates as kinetic units
of diffusion in associating solutions. It is more likely that
the monomers forming a complex are kinetically inde-
pendent neighbors in most cases (Dullien, 1963).

In some binary nonideal systems there exists no evi-
dence that molecular aggregates are formed. Nonideality
in these systems is caused by differences in shape and size
of the molecules. It is of interest to see whether for such
binary systems the Hartley-Crank equation is obeyed. A
few such systems, for example, hexane + CCl; (Bidlack
and Anderson, 1964a, 1964b), and benzene + OMCTS
and CCly + OMCTS (Marsh, 1968) were used to test
the Hartley-Crank equation with negative results. See Fig-

ond Dug 7 x lO'z. N

mz/ s

D“ln

o 05 -0
MOLE FRACTION ACETONE

Fig. 15. Mutual diffusion data for acetone-carbon tetrachloride
system at 25.15°; uncorrected and activity corrected Dagpm products,
left hand scale; viscosity on right hand scale (Anderson et al., 1958).
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Fig. 16. Diffusion and viscosity data for the acetone-benzene system
at 25.15°; Dap and m, left-hand scale; Dapn and Dagn/B, right-
hand scale (Anderson, et al., 1958).

ures 18, 19, and 20. The failure of the Hartley-Crank
equation might be due to composition dependence of the
friction factors. Rodwin, Horpst, and Lyons (1965) and
Kulkarni, Allen, and Lyons (1965) assumed a linear de-
pendence of the friction factors and applied the Hartley-
Crank equation for the systems benzene 4 cyclohexane
- and CCly + cyclohexane, respectively. They found that
the calculated values agreed fairly well with their experi-
mentally measured values, primarily because of the four
adjustable parameters used.
Now we shall examine the validity of Equations (4.12),

TABLE 5. VALUES OF Dasm, Dpsn AND Dg»/Dpx aT 25°C
(KamaL anp McLAuUGHLIN, 1968 )

Cyclohexane (A) +

Benzene (A) + Toluene (B) Toluene (B)

Ds®*n Dg*ny Dg*n Da*n
EY 10~12N  Dx*/Dp* 1B 10—12N Dg*/Ds*
0 133 127 1.05 0 156 1.31 1.19
01 135 129 1.05 0.1 150 131 1.15
02 135 129 1.05 02 146 1.30 1.12
03 136 131 1.04 03 144 131 1.10
04 137 131 1.05 04 141 1.30 1.09
05 137 131 1.05 05 138 1.28 1.08
0.6 137 131 1.05 06 136 128 1.06
0.7 137 131 1.05 07 135 128 1.06
08 136 131 1.04 08 133 126 1.06
09 136 131 1.04 09 132 124 1.07
1.0 135 130 1.04 1.0 130 121 1.07
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Fig. 17. Mutual diffusion and viscosity data for the acetone-chioro-
form system: O, expt. values at 39.95°; A expt. values at 25.15°
(Anderson et al. 1958).
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Fig. 18. Dapn and Dapn/B as function of mole fraction for the

system hexane-carbon tetrachloride; ——, Hartley-Crank equation;
O, Dagn expt.; ®, Dagn/g expt. (Bidlack and Anderson, 1964b).
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(4.15), and (4.16). Equations (4.15) and (4.16) can
also be obtained from Equation (4.1) if the friction coeffi-
cient (reciprocal of mobility) appearing in the latter equa-
tion is assumed to be linearly related to the viscosity of
the solution. The same result has been obtained from the
Bearman-Kirkwood theory (Bearman, 1960) for regular
solutions. By virtue of Equation (4.15), Equation (4.12)
may also be written as

Dag’n8 1

kT o

According to this, the group Dag® 78/T should be in-
dependent of T for a given system if the friction factor oy
remains unaltered. There is no apparent reason for this
to be a constant, and the scarcity of accurate mutual dif-
fusion data over an extended temperature range has so far
prevented a thorough investigation of this equation.

Some attempts have been made to correlate the group
Dag® 75/T with the properties of the solutes in the same
solvent (Wilke and Chang, 1955; Hayduk and Cheng,
1971; Innes and Albright, 1957)., Wilke and Chang
(1955) correlated this group with the molal volume of

(4.18)

Fig. 19. Mutual diffusion coefficients for the system OMCTS (A) +-
benzene (B) at 25°C: O, Dagp expt.; o, Dagp calc. from Hartley-
Crank equation (Marsh, 1968).

0 05 1-0
Xa

Fig. 20. Mutual diffusion coefficients for the system OMCTS (A) +
carbon tetrachloride (B) at 25°C: O, Dag expt.; e, Dap calculated
from Hartley-Crank equation (Marsh, 1968).
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TaBLE 6. Propucts D*n aT 19.35°C, UsinG VALUES oF D*
Frox SMmooTHED CurvEs (CARMAN AND STEIN, 1956)

Dgy®n X 1012 Dgur®n X 1012
N N

XA

1.0 1.31 1.23
0.8 1.32 121
0.6 1.33 1.18
0.4 1.31 1.18
0.2 1.31 1.19
Q 1.30 118

()
®
7x 103, Kg m's™!

Q
®

| 1 i
o4 06 08 0
XA

Fig. 21. Intra-diffusion coefficients for CCl4(B)

-+ nitromethane (A) system; @, nitromethane;

B, CCls. Also curve for viscosity m of the

mixture and curves for Da+n and Dps«m (Car-
man and Miller, 1959).

the solute. The recent empirical study of Hayduk and
Cheng (1971) has found that the group Dag® 78* under
isothermal conditions is fairly constant for a mixture of
normal components (that is, components in which no mo-
lecular aggregation occurs). The relationship they found
is of the form

DABO 77BA =B (4.19)

where the values of parameters A and B depend solely on
the properties of the solute.

Some attempts to relate the group Dag® 9z either to the
properties of the solvent (Hammond and Stokes, 1955;
Stokes et al., 1953) or both to the properties of solute and
solvent (Lusis and Ratcliff, 1968) have been made. They
all fail for the associating and complex forming type of
solutions. :

The product Dyn has also been frequently plotted
against composition at a constant temperature for a vari-
ety of mixtures, categorized as (1) ideal systems, (2) non-
ideal systems, and (8) associating and complex-forming
systems, This product, according to Equation (4.12),
should be composition independent only if o; is insensitive
to composition changes. The assumption that oy is com-
position independent is likely to be valid only for a highly
restricted class of solutions in which the radial distribu-
tion functions do not change with the composition. For
this type of systems, this product, as shown in Table 5
for the system benzene + toluene (Kamal and McLaugh-
lin, 1968) and in Table 6 for the system ethyl iodide +
butyl iodide (Carman and Stein, 1956), does not vary
with composition. For n-octane + n-dodecane (Van Geet
and Adamson, 1964), the products Dy vary about 30%
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TaBLE 7. INTRADIFFUSION AND RELATED DATA FOR BENZENE
AT 25°C (MiLws, 1971)

mol % D® X 10° n X 103 D®n X 1012
OMCTS m2s~1 kgm—1s-1 N

0.0 2.207 0.602 1.33
10.163 2.107 0.672 1.42
19.185 1.992 0.762 1.52
40.41 1713 1.024 1.75
60.77 1.464 1.336 1.96
80.50 1.268 1.724 2.19
97.98 1.110 2.140 2.38
100 (extrap) 1.095 2.190 2.40

over the entire composition range for both the components,
although this may be regarded as an almost ideal mixture.
Similar deviations have been observed for other nearly
ideal systems such as benzene + bromobenzene (Miller
and Carman, 1959), benzene - carbon tetrachloride
(Horrocks and McLaughlin, 1962), and carbon tetrachlo-
ride + cyclohexane (Horrocks and McLaughlin, 1962;
Nishi et al., 1971).

Although near constancy of the products D;m have been
observed for the nonideal systems nitromethane + carbon
tetrachloride (Carman and Miller, 1959) and nitromethane
+ benzene (Miller and Carman, 1959), see Figures 21
and 22, it should be noted that the data for the above
systems are associated with large errors. Indeed it is very
important that the data for both the intradiffusion and
the viscosity coefficients should be highly accurate for
these calculations.

In the nonideal systems toluene 4 cyclohexane and
benzene 4+ OMCTS, as shown in Tables 5 and 7, and
in some others (Agishev and Emel'yanov, 1969) the
product D;.n has been found to vary with composition.
The reason for this behavior may be attributed to the in-
validity of the assumption of the constancy of the friction
factor o,

Eyring’s Theory

Eyring et al. applied the absolute reaction rate theory
to the problem of describing diffusion and viscosity in
liquids (Glasstone et al.,, 1941; Kincaid et al., 1941). This
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work has been reviewed extensively (Johnson and Babb,
1956a; Tyrrell, 1961; McLaughlin, 1960). During the past
few years some modifications and some corrections to this
theory have been proposed.

According to the absolute reaction rate theory, diffusion
is considered as an activated rate process, taking place by
jumping of a molecule from one position to another. This
theory assumes that both diffusion and flow ordinarily
involve only one molecule at a time. Although this may
be true for solids, there are reasons to believe that a large
number of molecules cooperate in diffusion and flow in
liquids (Tyrrell, 1970; Fehder et al., 1971).

As suggested originally by Eyring et al., their equations
should hold in dilute or ideal solutions. It has been pointed
out, however, that they should rather apply to solutions
in which there is a uniform concentration (Ree et al,
1958; Bearman, 1961; Hirschfelder et al., 1964), for only
in this case is a diffusing molecule in a uniform environ-
ment and can it move across a given plane in either di-
rection with equal likelihood.

In Eyring’s original theory of viscosity, the effect of
velocity of the neighboring molecules in the same layer
was neglected. This was pointed out by Li and Chang
(1955) who obtained the following equation:

Doia_ 8D kT {N}”?'
4B T T, n LV

(4.20)

where a is the number of nearest neighbors in all the di-
rections and b is the number of nearest neighbors in one
layer. For simple cubic packing (¢ = 6, b = 4), Equation
(4.20) reduces to

KT (N 13
Dypd = ~—— { — 4.21
wi= {5 } (421)
This equation has the same form and the same numerical
factor as the Stokes-Einstein equation.
For a nonideal solution, Eyring et al. postulated

DAB - DABid oln aa

4.22
6lnxA ( 2 )

If the activation energy is related to vaporization energy
AUyqp, Eyring’s equation for diffusion becomes (Kincaid
et al,, 1941).

b [V _1 [ RT e AUyap
48 _{ N } 7L zﬂm} P\ nET }
(4.28)

where V; is the free volume, m is the mass of a molecule,
and n is an adjustable parameter.

Another form of Equation (4.23) which has been used
for self-diffusion is

D A2 kT 1/2
— — e/kT .
Van { py— } exp(—e/kT) (4.24)

where e is the activation energy for the diffusion process
(McLaughlin, 1959). The activation energy was calcu-
lated from the Devonshire theory of liquids (Lennard-
Jones and Devonshire, 1937). The activation energy was
believed to arise from two contributions. The first contri-
bution is a function of the number density of unoccupied
lattice sites, and the second contribution represents the
potential barrier for diffusion and is expressed as some
fraction w of the lattice energy. If ¢ is the depth of L-J
potential-well, the following equation has been obtained
by McLaughlin (1959). See also Collings and Mills (1970):
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_ka_ = .’é_ (NX/V)* + -’I:lT‘- {14.454(NN3/V)?

— 6.066 (NX3/V)*} (4.25)

There were two approximations made in determining
w. As a first approximation w was empirically chosen to
be 1/3, and as a second approximation w was expressed
as a function of the reduced temperature,

w=1028T/T.+ 0.169

where T, is the critical temperature.

McLaughlin showed that Equation (4.24) predicts self-
diffusion data of benzene, carbon tetrachloride, and argon
within about 10% in the first approximation, and within
8% in the second approximation. Eyring’s equation (4.23)
predicts the values with about twice the error for the same
systems. Table 8 shows the recent and most accurate val-
ues of the self-diffusion of benzene and carbon tetra-
chloride at several temperatures measured by Collings
and Mills (1970) together with the diffusion values cal-
culated from Equation (4.24) in the first and second ap-
proximations.

An important assumption in Eyring’s theory is that the
free energies of activation for diffusion and viscous flow
(AGp# and AG.#, respectively) are equal. Olander
(1963a) and Gainer and Metzner (1965) have suggested
approximate methods to calculate the difference between
AGp# and AG,# which are discussed briefly in Part II.

Even for ideal or nearly ideal systems the assumption of
equal free energies of activation was found to be invalid
(Van Geet and Adamson, 1964; Shieh and Lyons, 1969).
In mixtures of n-alkanes AGp# for intradiffusion was found
to be the same for each component at a given concentra-
tion and the ratio AGp#/AGy# fairly constant over the
entire composition range. Both AGy# and AGp¥ were
found to be linearly related to the mole fraction.

(4.26)

Lamm-Dullien Approach

A completely different approach than those employed
by Hartley and Crank and Darken, involving no assump-
tion of independent intrinsic mobilities, was put forward
by Lamm (1943a, 1943b, 1952, 1954). According to his
approach, diffusion is governed by mutual friction between
the components. The gradient of the chemical potential
was set proportional to the relative velocity of the diffusing
species, the proportionality coefficient being the friction
coefficient. To describe mutual and intradiffusion in binary
mixtures, Lamm considered a three-component system
consisting of A, B, and either tagged A, or tagged B. He
obtained the following three equations:

DAB B.T _ RT XA _ RT XB

=2 = (4.27)
B $as dBca) PaB)
RT
Dup = e (4.28)
4 $a04r + daB)
and r
Dg» R (4.29)

¢B0p* + dBa>

where A% and B° represent untagged A and B molecules,
and A* and B* represent tagged A and B molecules, re-
spectively; ¢y and ¢jy are, respectively, the molar fric-
tion coefficients between components i and § per mole of
i and per mole of j; ¢;; is given by

i = dicH) + iy

i and § can be any one of A®, B A®, B*, A = A® + A",
or B = B° + B*,

(4.30)
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TasLE 8. COMPARISON OF EXPERIMENTAL DIFrusioN
CoEeFFICIENTS WITH THOSE CALCULATED FROM EQuUATION
(4.25) Using FIRST AND SECOND APPROXIMATIONS MENTIONED
1N THIS PapER ( CoLLINGS AND MiLLs, 1970)

D x 109 (m2s—1)
First  Second Equation
Liquid T (°C) Expt. App. App. (4.24)
Benzene 15 1.86 1.40 1.61 3.10
25 2.21 1.80 1.95 3.80
35 2.61 2.28 2.33 4.54
45 3.01 2.86 2,76 5.24
Carbon tetra-
chloride 15 1.09 1.06 1.16 2.60
25 1.30 142 149 2.97
30 1.42 1.61 1.65 3.21
40 1.68 2.01 1.98 3.77
50 1.93 2.50 2.31 451

With the assumption that the friction between the mo-
lecular species of the same component is not affected by
the amount of the other component present in the mix-
ture, Lamm (1954) obtained the following equation:

1 1 XA VAO XB \%
DAO DAB

Dse ~ V
where D4® and V40 are, respectively, self-diffusion coefli-
cient and molal volume for pure component A.

It will be seen later that with a similar assumption the
Bearman-Kirkwood theory also simplifies to the above
equation. Because of the assumption used, the above
equation is not expected to conform closely to the ex-
perimental data. The observed and calculated intradiffu-
sion coefficients for the system benzene + carbon tetra-
chloride were found to agree within 10% (Johnson and
Babb, 1956b). Miller and Carman’s measured intradiffu-
sion values of 0.54 X 10~% cm?/sec for cetane and 1.18 X
103, for heptane, in an equimolar cetane-heptane mixture,
do not compare favorably with the calculated values of
0.38 X 107% and 1.43 X 10~5 cm?/sec.

As can be seen from Lamm’s equations (4.27) to
(4.29), while in tracer diffusion friction between both the
like and the unlike molecules is involved, in mutual diffu-
sion only friction between unlike molecules is of impor-
tance. The same holds true for the statistical-mechanical
theory and the diffusion theory based on irreversible ther-
modynamics. In viscous flow, on the other hand, all three
friction coeflicients may be expected to play a role.

Assuming that the friction coefficients in diffusive and
viscous flow are the same, Dullien (1963) proposed a
simple relation between viscosity and diffusion coeffi-
cients. He first evaluated the molar average friction co-
efficient * in terms of the molar frictions appearing in
Lamm’s equations (4.27) to (4.29)

} B (431)

. 1 1
7* =xa \ da t+ 5 daoax ) + 5 B $pops (4.32)

Noting that * and 7 are, in fact, two ways of averag-
ing the same friction coefficients, he arrived at the fol-
lowing relationship

\'
7" =1 = (4.33)

where 8 is the mean distance of momentum transfer be-
tween the colliding molecules, measured in the direction
normal to the transport plane.

On combining Equations (4.28), (4.29), (4.32), and
(4.33) the following equation was obtained:
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Since no molecular model was assumed in the develop-
ment of Equation (4.34), it is therefore applicable to both
gases and liquids (Dullien, 1963, 1972; Ertl and Dullien,
1973).

It is quite interesting that, as shown in Figures 23 and
24, 8 has been found to be a linear function of mole frac-
tion even for such highly nonideal systems as ethanol +
benzene and methanol + benzene.

Snell and Spangler (1967) have also found that, of
necessity, new molecular parameters, such as 8 in Dullien’s
equation, appear in the formulation expressing explicit
connection between intradiffusion and viscosity coefficients.

Recently, Albright (1969) extended Dullien’s treatment
to multicomponent systems.

= §?

(4.34)

Statistical-Mechanical Theory

Statistical-mechanical theories which envisage diffusion
taking place in small steps in a random walk fashion, have
been successfully applied for the gaseous state by Chap-
man and Cowling (1970) and have been discussed by
Hirschfelder et al. (1964). Kirkwood (1946) formulated
a theory for dense media which was further developed by
Irving and Kirkwood (1950), Bearman and Kirkwood
(1958), and Rice and Kirkwood (1959).

Bearman (1960) later obtained equations in a form
that could be compared with numerical data. A brief
review of Bearman’s theory—perhaps it is more accurate
to call it Bearman-Kirkwood theory—is given below.

Based on statistical-mechanical arguments, it was shown
(Bearman, 1960, 1961) that the frictional force F; acting
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on a species 4, in a mixture of n components is given by

Fi=— 2 C; & (vi— vj) (4.35)
i=1

where ¢; is the coefficient of friction between component
i and j. Evaluation of these friction coeflicients has not
been possible from the Bearman-Kirkwood theory. The
friction coefficients are related to the deviation of the pair
correlation function from its equilibrium value. The only
difference between Equation (4.35) and the starting point
for Lamm’s derivations is that Lamm treated the product
C; &; as the friction coefficient. As it will be discussed
later, C; &; has a more direct physical meaning than §&;.

Bearman obtained the following expressions for the
mutual diffusivity:

_ VB kT dn aa _ VA kT dln ag
AT e dnCa  éas  dinCp
kT
= \7:] (4.36)
€an

These are equivalent to Equation (4.27). Note that ¢acs)
= NCp £4p, where N is Avogadro’s number.

The corresponding expressions for the intra-diffusion
coefficients are

Da» = kT (4.37)
7 Ca €404+ + Cp éap '
and
kT
Dg« (4.38)

" Cp £pops -+ Ca £an
where A® and A® represent untagged and tagged A mole-

Dapx10% m%s; or Dpgn x02 N

Fig. 24. Curves for Dsp, Dagn, and & as functions of composition for
the system methanol (A) 4 benzene (B), 25°.
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cules, respectively. These equations are equivalent to
Equations (4.28) and (4.29). Note that ¢iop =~ ¢iuci0y =
NC; &0+ (See Discussion of the Various Friction Coeffi-
cients.)

For a highly special class of solutions in which (1) there
is no volume change on mixing and (2) radial distribution
functions are independent of mole fraction, Bearman
(1960) showed that

Dy« \

Do = V.0 (4.39)

The constancy of this ratio implies a geometric mean
relationship between the friction coefficients, that is,

€aB = V€a0a+ £op: (4.40)
and

1 (4.41)

dln a;

= Di# _—,
Dag dn C. nd
i=AB

(4.42)

V.
DAB-':D,‘*V—B

Bearman termed this type of solutions regular, which is a
different definition from the one originally introduced by
Hildebrand et al. (1970).

The radial distribution functions will be rigorously com-
position independent only if the two species are identical;
if, however, the molecules are similar in size, shape and
intermolecular potential, Bearman’s assumption may still
be approximately valid. In a recent paper Bearman and
Bearman (1970) tested the above equations over a wide
range of densities. By testing their theory with Ar-Kr
mixture they found that only in a narrow region of densi-
ties does the theory turn out to be approximately valid.

Generally, Equation (4.39) has not been found to con-
form to the experimental data (for example Van Geet
and Adamson, 1964; McCall and Douglass, 1967); how-
ever, the ratio Ds«/Dg= has been found to be constant for
a few systems such as ethyl iodide + butyl iodide and
benzene 4 diphenyl. Even for these systems, however, the
value of this ratio was not identical to V3%/V,? see
Table 9.

Bearman (1961) showed that Equations (4.39) and
(4.42) may be combined to result in Darken’s equation.
For a few nonideal systems, McCall and Douglass (1967)
calculated the thermodynamic factor 8 both from the
activity coefficients and from the Darken equation. Their
results plotted in Figure 25 show large disagreement be-
tween the two values, the disagreement being relatively
less for the system benzene + cyclohexane.

The Bearman-Kirkwood theory also provides an expres-
sion for viscosity (Bearman and Jones, 1960). It was
shown that the product Dj.q for regular solutions should
be independent of composition. This is consistent with
Equation (4.12) which was used by Carman and Stein
(1956).

Equations (4.36) to (4.38) may also be combined to
give the following expression (Loflin and McLaughlin,
1969):

Dag = (x4 Dgs + x5 Da»)B
[ x4 éaB

xa £aB + xB £pops

xp £aB
xp €aB + x4 £404+

]_1 (4.43)

Equation (4.43) simplifies to Darken’s equation if the
geometric mean relation between the friction coeflicient,

Equation (4.40), holds (Loflin and McLaughlin, 1969).
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TasLE 9. RaTIOS OF V49/VE? AND Dp+/Da+ (MiLLs, 1963)

Vg Djy®
V x 108 -
Component m? mol—! V4%/Vg® Dp*/Ds* V,Dg®
Benzene (B) 89.44
Diphenyl (A) 14900 167 145 LIS
Ethyl iodide (B) 80.51
n-Butyliodide (A) 113.87 141 L 124

Bearman (1961) showed that Eyring’s equation (4.22)
is essentially equivalent to his Equations (4.41) and
(4.42). If it is conjectured as was done by Mills (1963)
and Bearman (1961) that the intrinsic diffusion coeffi-
cients D4 and Dp are identical with the mutual diffusion
coefficient, the Hartley-Crank equation (4.9) and Bear-
man’s equation (4.41) become identical. Assuming that
the absence of experimentally demonstrable volume bulk
flow, other than that due to volume change on mixing,
may be construed as evidence that there does not exist
any other kind of volume bulk flow under the conditions
used in the usual diffusion measurements, there follows
immediately from the comment after Equation (2.10) that
DAB = DA = DB.

Another attempt to calculate theoretically the ratio of
the friction coeflicients was made by Loflin and McLaugh-
lin (1969). They employed the Rice and Alnatt (1961)
extension of the Rice and Kirkwood theory (1959). The
resulting expression was obtained in terms of the Lennard-
Jones parameters ¢ and o, and intra-diffusion coefficients.
Assuming the usual combining rules for the Lennard-Jones
parameters for a binary mixture, the following expression
was obtained:

€404+ £BOB»

—4 f N oA0Ax OB*RO ma + mp DA* DB*
4B (G'AOAn + o’B-'.=BO)2 myg Mp (DA* + DB:se)2
(4.44)

Systems consisting of species of the same diameter and
the same mass have been assumed to have equal values
of D4+ and Dg+. For such systems, the geometric mean
relation between the friction coefficients again follows
from Equation (4.44). Any further quantitative extension
of the usefulness of Equation (4.44) is possible only if
the friction coefficients can be predicted theoretically or
by independent measurements.

If it is assumed that the friction coefficients are inde-
pendent of composition, one can obtain from Equation
(4.37) the following expression for the self-diffusion co-
efficient of component A -

AL

D,
Eaxa0

(4.45)
This equation may be combined with Equations (4.37)

and (4.86) to give the approximate form of Lamm’s equa-
tion, Equation (4.31) (Loflin and McLaughlin, 1969).

Use of lrreversible Thermodynamics

The science of irreversible thermodynamics has aided
in the study of the coupling phenomena, such as thermal
diffusion, which is beyond the scope of this article. Fick’s
law, as mentioned earlier, is inadequate to deal with multi-
component diffusion. A set of generalized flow equations
has been suggested for the description of this process
(Onsager, 1945; Baldwin et al., 1955; Lamm, 1957). Only
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the equations for ternary diffusion will be given here. All
of these equations may also be used for binary mixtures
by assuming two of the components chemically identical.
One of the main preoccupations in the study of ternary
isothermal diffusion has been to test the Onsager recipro-
cal relations (Dunlop and Gosting, 1955; Dunlop, 1964;
Cussler and Dunlop, 1966; Mills and Ellerton, 1966). The
other main aim of such a study has been to formulate flow
equations in terms of friction coefficients in binary mix-
tures.

Applications of Ternary Diffusion Equations to Binary
Systems. For a ternary system there are two independent
flow equations

Ji=—Dyy VC; — Dy VCy (4.46)
Jo = — Dy VC; — Dy VG, (4.47)

where J; and Dj; represent the flows and diffusion coeffi-
cients with respect to a volume-fixed frame of reference

such that
2
2 kVi=o0
i=0

In general, D;; % Dj. However, there exists a relation-
ship between the coefficients because of the principle of
microscopic reversibility (Dunlop and Gosting, 1955).

For intradiffusion of component 1 in a three-component
system where components 1 and 2 are chemically identical
and the sum of the concentrations of 1 and 2 is constant

(Albright and Mills, 1965)

(4.48)

VCi=—VG(, (4.49)

and Equation (4.46) reduces to
Ji=— (D1 — Dy2) VG4 (4.50)
= — Dy VG, (4.51)

where D;« is the intra diffusion coefficient of component 1.

= Dix = D1y — D13 = D3y — D (4.52)

In a ternary system where chemically identical compo-
nents 1 and 2 interdiffuse with component 0 under con-
ditions such that

C;
= constant
8

(i=1,2) (4.53)

where C; = C; + C,, it has been shown by the above
authors that

C
Dy = ?2' (Do — Dis) (4.54)

8

Cs

Dy = C (Doy — Dys) + Dy«

(4.55)

8

The analogous equations for Dy, and Dyy can also be
obtained in a similar manner,

When the concentration of component 2 becomes in-
finitely dilute it can be shown from the above that

(i) Dy —0

(ii) Dsg becomes equal to intradiffusion coefficient of
component 2 )

(iii) Dj; becomes equal to mutual diffusion coefficient.

These limiting cases have been tested experimentally
{Dunlop, 1957; O'Donnell and Gosting, 1959; Woolf et
al, 1962). Since for a binary mixture, according to our
previous notation, components 1 and 2 are equivalent to
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Fig. 25. Comparison of the thermodynamic factor 8 with the diffusion
ratio Dap/(xaDp+ + xgDa+) at 25° (McCall and Douglass, 1967).

A® and A9, the preceding conclusions for C4«/Cs — 1,
lead (Harris et al,, 1970) to the equations

DAB = DA* + DA*A (456)
and

DAB = DB# + DB*B, (4.57)

where Dgxa and Dp«p are cross-diffusion coeflicients.
On multiplying Equation (4.56) with xg and Equation
(4.57) with x4, (Harris et al,, 1970) showed that

Dap = x4 Dp+ + 25 Das + x4 Dp+g + xp Daca
(4.58)

which is similar to Darken’s equations except that it con-
tains cross diffusion coefficients.

Friction Coefficients. According to Onsager (1945) the
friction coefficients R;; are related to the dissipation func-
tion (that is, half the rate at which the energy is dissi-
pated) S as

S=1% 2 Ry (Ji - J;) (4.59)

where J; and J; are local fluxes and the summation is taken
over all the possible combinations. According to Onsager
(1945), Rij = R]‘i and
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D Ry;C;=0 (4.60)
i=1

This restriction represents the condition of no dissipa-
tion when all the velocities are equal. Laity (1959) com-
bined Equations (4.59) and (4.60) to obtain

Vu= 2 Ry Ci(vi—v)

i=1

(4.61)

Equation (4.61) is equivalent to Equation (4.35).

A similar equation was obtained also by Klemm (1953).
The following equations have been obtained (Laity, 1959)
to calculate the three friction coefficients from the experi-
mental mutual and intra-diffusion coefficients:

RAB = — RT ﬁ (4.62)
DAB
VxB Vv
Ry#40 = RT — 4.63
Aeal { Dypxa Dapexa } (4.63)
and

Vxa \' 1
Rp«po = RT - 4.64
850 { DABxB DBtth I ( )

Evidently, R;; = N §;;, and Equations (4.62) to (4.64)
may be derived also from Equations (4.36) to (4.38).

Discussion of the Various Friction Coefficients

In recent years stress has been laid on the study of
friction coefficients in addition to that of diffusion coeffi-
cients. As pointed out in the literature (Laity, 1959; Mills,
1965 and 1971a), there are several advantages in this type
of study. The friction coeflicients in this formalism are in-
dependent of frame of reference, and each of them repre-
sents a specific interaction between molecules of the spe-
cies. Furthermore, these are the coefficients which appear
in the microscopic theory of liquids.

It is helpful to have some degree of feel for the physical
meaning of friction coefficients. Without attempting to go
into any detailed quantitative analysis it seems neverthe-
less plausible to assume that the value of a friction coeffi-
cient between the species i and j should generally increase
with the average amount of interaction between these spe-
cies in the solution. Therefore, it is convenient to express
the friction coefficients in a form that reflects this antici-
pated dependence. This objective has been met by Lamm’s
formulation of the friction coefficients ¢;;y and ¢;¢;y which
are based on one mole of ¢ and j, respectively. [See Equa-
tions (4.27) to (4.30).] Thus, the value of ¢, reflects
the average amount of interaction between ¢ and j mole-
cules per mole of i molecules. Evidently, for x; = 1 one ex-
pects $ijy = 0, and the normal behavior of &, is to de-
crease with increasing x;. The converse may be said about
bicire

The friction coefficients R;; = N ¢; do not appear to
have such intuitively appealing properties. [See Equations
(4.85) to (4.38), and Equations (4.61) to (4.64).]

The relationships between the various friction coeffi-
cients can be easily shown through the use of the friction
coefficient ¢;;*, representing the friction between molecules
of species i and j per unit volume of the solution, which
was also introduced by Lamm. Evidently

i’ = diiy Ci = iy Cj
i/ iy = Ci/Ci = x3/%;
Hence, from Equation:(4.30)
i = b + iy

(4.65)
and
(4.66)
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there follows
dij = dup/x; = dyix/xi = Ri; V=N £&; V (4.67)

where the identities
Ry = ¢i»p/Cj = i/ Ci

have been used. For the special case of tracer diffusion

(4.68)

xX;
$i0ix = didgiry + Ppri0) = v Bis(i0y 2= dpei0) (4.69)
3
as x; = x;0 + x;+ == x50,

Hence
¢ioi*/C5 = Rioi» =N Eioi* (4.70)

Equations (4.67) to (4.70) establish the equivalence of
Equations (4.27) to (4.29) with Equations (4.36) to
(4.38), and Equations (4.62) to (4.64).

In order that the friction coefficients be meaningful, it
is essential that the diffusivity measurements be accurate
to a few tenths of 1% (Tyrrell, 1963). Since this magni-
tude of accuracy is now accessible, friction coefficients
have been calculated for a few binary systems at several
concentrations.

A relatively early attempt to calculate and utilize fric-
tion coefficients is due to Dullien (1963) who calculated
the friction coeflicients ¢;¢;, and ¢, using the experimental
diffusion data for two highly nonideal solutions, ethanol
+ benzene and methanol + benzene. By comparing these
friction coefficients with those corresponding to an hy-
pothetical equivalent random solution, Dullien discussed
qualitatively the spatial distributions of A-A, A-B, and
B-B molecular pairs. The conclusions thus reached were
in accord with independent thermodynamic data (Tyrrell,
1970).

The friction coefficients Rq0a+ and Rap for the system
urea (A) water (B) were calculated by Albright and
Mills (1965) using their own measured intra-diffusion
values and the mutual diffusivity data reported by Gosting
and Akeley (1952). Both Rao4» and Ras were found to
vary linearly with molar concentration of the component
A. The friction coefficients were also calculated for the
binary systems a-alanine and B-alanine and mannitol and
thiourea (Tilley and Mills, 1967). In these systems the

OMCTS + BENZENE
CYCLOHEXANE + BENZENE

HEXANE + BENZENE

T sk HEPTANE + BENZENE
‘©
£
[
€
< - 'o'_
‘o
»
—
x sl
-
o
[ ]
| ] I ]
0 20 40 60 80 100
Xp

Fig. 26. Rp«go/RT values for benzene in various organic liquids as a
function of mole fraction (xg) of benzene. O, OMCTS (Mills, 1971).
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friction coefficients Rs«40 and Rap were found to have
non-linear dependence on molar concentration. The Rax40
values were found to be much larger than the Rap values
in the above systems and also in the system diphenyl-
water (Mills, 1965). This may be because of the smaller
size of the solvent molecules.

Very recently Mills (1971a) and Harris et al. (1970)
extended such measurements to binary systems in which
both of the components were organic. Harris et al. cal-
culated the friction coefficients for the binary systems of
benzene in chlorobenzene, n-hexane, and n-heptane. Mills
calculated the same for the systems benzene + OMCTS
and benzene + cyelohexane. Figure 26 shows the com-
position dependence of the friction coefficients Riso of
benzene in mixtures with a number of solvents. These
Rioir’s values change very sharply with the composition
in the case of the system benzene + OMCTS. In other
systems, however, the Ry values vary only gradually.
This is not surprising because the OMCTS molal volume
is much larger than the volumes of the other components.

Another interesting correlation was obtained when the
limiting friction coefficients were plotted against the
solute molar volume (Tilley and Mills, 1967) with water
as the solvent. Excepting R0« for -alanine, all the other
three Rjo;+ values for mannitol, «-alanine and urea fell on
the straight line. The exception of g-alanine may be
ascribed to its large dipole moment.
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NOTATION

A = adjustable parameter, Equation (4.19)

a = number of nearest neighbors in all directions
a; = activity of component i

B = adjustable parameter, Equation (4.19)

b = number of nearest neighbors in one layer

C; = molal concentration of component i

D, Dy = self-diffusion coefficient of pure component i

D; = intrinsic diffusion coefficient of component i
D = intradiffusion coefficient of component i
D,p = mutual- or interdiffusion coefficient

Dr = Fick diffusion coefficient

€¢ = activation energy, Equation (4.25)

F = friction force

AGp# = energy of activation for diffusion

AG,# = energy of activation for viscous flow

= molal flux vector of component i

= Boltzmann’s constant

= molecular weight

= molecular mass of component i

= Avogadro’s number

= adjustable parameter, Equation (4.23)
= mobility

= universal gas constant

= friction coefficient, Equation (4.59)
== molecular radius

= dissipation function

= absolute temperature

= critical temperature

AUyap = molal energy of vaporization

A% = molal volume of solution

Vs = free volume

s

23

NN e S

S
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V:® = molal volume of pure component i

V. = partial molal volume of component i

v = velocity vector

w = fraction of lattice energy, Equations (4.23) and
(4.26) '

x; = mole fraction of component i

Greek Letters

B = thermodynamic factor, Equation (2.12)

B; = coefficient of sliding friction

8 = mean distance of momentum transport

€ = Lennard-Jones potential parameter

7 = viscosity

n®* = molar average friction coeflicient

A = intermolecular distance

p = chemical potential

& = friction coefficient, Equation (4.35)

T = Lennard-Jones distance parameter

o; = friction factor of component 4

é; = molal friction coefficient, Equation (4.30)

¢i# = friction coefficient per unit volume of solution

Superscripts

c = coordinate-fixed frame of reference

id = ideal

m = convection-fixed frame of reference

v = volume fixed frame of reference

0 = untagged component; infinitely dilute solution
w.r.t. component A

% = infinitely dilute solution w.r.t. component B

* = tagged component

Subscripts

A, B, 1, 2, i, 0 = refer to various components in a mixture
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